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A group—divisible design GD(4,1,2;n) exists iff n = 2 (mod 6), n # 8
(or: the packing of cocktail party graphs with K4's)

by

A.E, Brouwer & A. Schrijver

ABSTRACT

In this paper it is shown that for n = 2 (mod 6), n # 8, the complete
graph K can be partitioned into n(n-2)/12 copies of K, and a l-factor
(matching). It follows that the maximum cardinality of a binary constant-
weight code with minimum distance d = 6 and words of weight 4 is n(n-2)/12
for these values of n. The methods used are explicit comstruction and

recursive techniques, as developed by Hanani and Wilson.
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0. INTRODUCTION

Let I be the set {0,...,n-1}. For n > k > t let C(n,k,t)
(resp. D(n,k,t)) be the smallest (resp. largest) integer b such that there
exist b subsets Bl”"’Bb of In’ each of k elements, such that every
t—-element subset of In is contained in at least (resp. at most) one of them.
Many authors have determined the value of C(n,k,t) or D(n,k,t) for

special values of n, k and t. In particular FORT & HEDLUND [1] have shown
that

M Fo-
c(n,3,2) = % Eilj-1 for n > 3.

In 1966 SCHONHEIM [8] showed that

n n—-1

L3 L34y ~ ! form=5 (mod6),
D(n,3’ 2) =
n n-1 .
L3 L9 otherwise.

(This was done independently, but later, by GUY [2] in 1967 and SPENCER [9]
in 1968. The solution of KIRKMAN [4] in 1847 is correct for n = 0,1,2,3
(mod 6), but false for n = 4 or 5 (mod 6).)
M M=-17171
MILLS [5] has shown that C(n,4,2) = = ——

4 3
n=7,9,10,19, while for n = 7,9,10 C(n,4,2) is one more, and for n = 19

"l

for n 2 4 except for

two more than the value given by this formula.

Mills also determined many values of C(n,4,3) (see [6]).

In this paper we do part of the job of computing D(n,4,2) by proving
that

D(n,4,2) = n(n-2) for n = 2 (mod 6), n # 8,

n 1
L4 L 3 11 12
while

D(8,4,2) = 2.

In a subsequent paper we will show that



n n-l - _ = 7 or 10 (mod 12)
[ Ui U3l 1 for n o >
D(n,4,2) =1
n n-1 :
LZ L3 otherwise,

with a few exceptions. (For sufficiently large n this result follows
immediately from the theory developed by WILSON (see, e.g., [10]); the
difficult part is to fill in the finite gap left.)

This problem can be described in several other ways. Determining
D(n,k,t) amounts to the same as finding an optimal binary constant weight
code with word length n, constant weight k and minimum distance 2(k-t+1).

For t = 2, C(n,k,2) (resp. D(n,k,2)) is the number of complete graphs
Kk required in order to cover (the edges of) Kn (resp. which can be packed
(edge-disjoint) in Kn)'

Looking in particular at the case k = 4, t = 2, n = 2 (mod 6) we see
that if we pack copies of K4 into Kn’ then each K4 uses three edges incident
with a given point p. Since Kn is regular with valency n-1 = 1 (mod 6), we
see that a packing must necessarily leave unused at least one edge for each
vertex.

We will show that except for n = 8 there exists a packing that uses

all edges except for a one-factor, so that

D(n,4,2) = %((g)"%n> = n(n-2)/12, forn =2 (6), n # 8.
(Using Hoffman's terminology this means that we have for these values of
n a packing of a cocktail party graph on n points with KA'S')

In this case (and more generally in case t = 2, n in a suitable con-

gruence class mod k(k-1)) again different terminology is possible:

A group-divisible design GD(K,A,M;v) is a pair (B,G) of collections of
subsets of I, (called blocks resp. groups) such that

(i) if B € B, then |B| ¢ K;

(ii) if G ¢ G, then |G| € M;

(iii) if {i,j} is a 2-element subset of Iv’ then either there is exactly

one group G ¢ G such that {i,j} ¢ G or there are exactly A blocks



B ¢ B such that {i,j} < B;
(iv) if G,5G, € G, then G, nG, = ¢
(v) uG = IV.

Instead of GD({k},\,{m};v) we write GD(k,\,m;Vv).
A transversal design TD(k,\;m) is a group-divisible design GD(k,X,m3km)
(cf. HANANI [3]).
From the description above it is immediately seen that the determina-
tion of D(n,4,2) for n = 2 (mod 6) requires the construction of GD(4,1,2;n).

This is done in the remaining part of this paper, thus proving the 'if'

part of:

THEOREM. 4 GD(4,1,2;n) exists 2ff n = 2 (mod 6), n # 8.

The 'only if' part is immediate since

(a) A GD(4,1,2;8) would be equivalent to a set of two mutually orthogonal
Latin squares of side 2, which does not exist.

(b) If GD(4,1,2;n) exists, then
(i) n is even, since In can be partitioned into groups of size 2, and

2 (mod 3), since the n-1 edges incident with a given point

Ht

(ii) n
are covered by omne K2 (one edge) and a number of K4's (three
edges each).

Therefore, n = 2 (mod 6).

1. THE TRUNCATED TRANSVERSAL DESIGN

THEOREM. Let h < t, 2t ¢ T(5,1), {6h+2,6t+2} < GD(4,1,2). Then 6(4t+th)+2 ¢
€ GD(4,1,2).

PROOF. Let T be a set with cardinality |T| = 2t, and let T be a transversal

design T(5,1;2t) on the set TxI_ with groups T x{i}, i € I;. Let H < T be

a subset of cardinality |H| = Zh? Then we have the group—divisible design
GD({4,5},1,{2t,2h}) on X = (T><I4) u (Hx{4}), given by Tl ={BeT, Bc X},
4 and Hx {4},

Now let Y = (X><I3) U Z, where Z = 12, and construct a GD(4,1,2) on Y by

taking the groups and blocks of the GD(4,1,2) on the sets (T x{i} XI3) uZz,

with groups Tx{i}, i ¢ I

ie 14, and (H x {4} XI3) u Z, taking care that each of these GD(4,1,2)



contains Z as a group, and furthermore the blocks of a GD(4,1,3) on each of
the sets B x 13 where B ¢ Ti,taking care that each of these GD(4,1,3)

contains {b} x I, as a group for each b ¢ B. (Here we use the fact that’

3
{12,15} < 6D(4,1,3)). O

This theorem reduces the job of finding all GD(4,1,2) to a finite one. Let

t be even, then 2t ¢ T(5,1) (see, e.g., [7]1). Now each number r different
from I can be written as r = 4t +h, t even, h ¢ {0,2,3,4,5,6,7,9}. If we
assume that all designs GD(4,1,2;6s+2) have been constructed for 1 < s < r,
then by the theorem we find a GD(4,1,2;6r+2) provided that t > h. This means
that we have to find GD(4,1,2;6s+2) for s ¢ {0,2,3,4,5,6,7,9,11,12,13,14,15,
17,21,22,23,25,31,33,41}).

2. MULTIPLYING BY FOUR

THEOREM. If v ¢ GD(4,1,2) and v # 2, then 4v € GD(4,1,2).

PROOF. Let |X| = v and construct a transversal design on X X 14 with groups
X x {i}, i € I4 (such a design exists since v ¢ {2,6}); add to the blocks
of this design the blocks and groups of group-divisible designs GD(4,1,2)
on each of the sets X x {i} and we get a GD(4,1,2) on X x I&' d

If we write v = 6r + 2, then 4v = 6(4r+1) + 2. Consequently, from the list
given at the end of Section 1, we may drop all numbers congruent to | mod 4
(except 5). Therefore, it remains to find GD(4,1,2;6s+2) for

s € {0,2,3,4,5,6,7,11,12,14,15,22,23,31}.

3. THE CASE v = 2p

THEOREM. Let p be a prime, p = 1 (mod 6). Then 2p ¢ GD(4,1,2).

PROOF. Let X = Zp x Z, and let x be a primitive root mod p. Let u= (p-1)/6.

Now consider the blocks

(1410 (41, k), G 24,10, 2 4%4,10) (e 2,053 <u,

k € 22),



and the groups
{(i,O),(i,])} (i € Zp).

It is not difficult to check that this system gives a GD(4,1,2;2p).

This disposes of all the even values of s:

s = 0 1is the trivial case v = 2 (one group and no blocks),
§ = 2 corresponds to v = 14 = 2.7,

s = 4 corresponds to v = 26 = 2.13,

s = 6 corresponds to v = 38 = 2,19,

s = 12 corresponds to v = 74 = 2.37,

s = 14 corresponds to v = 86 = 2.43, and

s = 22 corresponds to v=134 = 2.67.

We are left with the case s ¢ {3,5,7,11,15,23,31}.

4, THE REMAINING SEVEN CASES

(1) The case s = 3, v = 20.

Let X = I4 X 25 and take the groups

{(O,i)’(3’i)} and {(]’i)’(23i>} (i € ZS),
and the blocks

{(0,1),(0,i+1),(1,i+2),(1,i+4)}
{(0,1),(0,1+2),(2,i+3),(2,i+4)}
{(0,1),(1,1),(3,1i+1),(3,i+4)}
{(0,1),(2,1),(3,1+2),(3,i+3)}
{(1,1i+2),(1,i+3),(2,1),(3,1)}
{(1,1),(2,i+1),(2,i+4),(3,1)} (i e z).

(ii) The case s = 5, v = 32.

Let X = 12 X 216 and take the groups



((3,1),(3,1+8)) (ieZ, 1€y,
and the blocks

£€0,1),(0,i+6),(1,1),(1,i+2)}

{(0,1), (0,1i+4),(0,i+11),(1,i+15)}

{(0,1),(0,i+1),(0,i+3),(1,i+6)}
{(0,i+8), (1,1), (1,i+1),(1,i+5)}

{(0,i+2),(1,1),(1,i+3),(1,i+9)} (ie 216)'

(iii) The case s = 7, v = 44,

Let X = I2 X 222 and take the groups

{(5,1),(5,i+11)} 1eZ,, Jely,
and the blocks

{(0,1),(0,i+5),(1,1)(1,i+15)}
{(0,i),(0,1+8),(0,i+9),(1,i+6)}
{(0,1),(0,i+2),(0,i+6),(1,i+9)}
{(0,1),(0,i+7),(0,i+10),(1,i+11)}
{(0,i),(1,i+16),(1,i+18),(1,i+21)}
{(0,1),(1,i+2),(1,1i+8),(1,i+12)}
{(0,i),(1,i+5),(1,i+13),(1,i+14)} (1 € 222).
(iv) The case s = 11, v = 68,

Let X = (22 xZ, %x1Z XZ3) ul

3 3 14°

by first taking a GD(4,1,2) on 114 and then covering X\IM with a

I-factor (matching), 14 A-factors (partitioms into triples) and 108

We will comstruct a GD(4,1,2) on X

4-tuples. The 14 A-factors can then be completed to 14.18 4-tuples by

adjoining one point of 114 to each of the triples in a A~factor.
1-factor : {(0,0,0,0),(1,0,0,0)} mod (-,3,3,3)
A-factors: 1. {(0,0,0,0),(0,1,0,1),(0,2,0,2)} mod (2,3,3,3)

(this gives only 18 triples, since each triple occurs
thrice and we retain only one of each three identical

triples).

2. {(0:0)0,0)’ (0,1,1,0),(0,2,2,0)} mod (2,3,3,3)
3. {(030!090)’(091a1:l):(-‘O,Z,Z,Z)} mod (2,3,3,3)



4, {(0,0,0,0),(0,1,2,0),(0,2,1,0)} mod (2,3,3,3)

5. {(0,0,0,0),(0,1,2,2),(0,2,1,1)} mod (2,3,3,3)

6-8. [{(0,0,0,0),(1,0,1,0),(1,0,2,2)} mod (2,3,-,3)]mod (-,~,3,-)

9-11.[{(0,1,0,1),(1,1,0,i+1),(1,i+1,1,i)} (i=0,1,2) mod (2,-,3,-)]
mod (=,3,-,-)

12-14.0{(0,1,i,0),(1,1,i+1,2),(1,i+1,i,0)} (i =0,1,2) mod (2,-,-,3)]

mod (-,3,-,-

4-tuples: {(0,0,0,0),(0,0,0,1),(0,1,0,0),(1,2,1,1)} mod (2,3,3,3)
{(0,0,0,0),(0,0,1,1),(1,1,0,2),(1,1,1,2)} mod (2,3,3,3).

(v) The case s 15, v = 92.

Let X = I4 X 123. A GD(4,1,2) on X will be constructed with help
of a GD(4,1,{2,5};23) with exactly one block of size 5 and a pair of
orthogonal Latin squares of order 23 with orthogonal subsquares of

order 5. Hence we first present both these systems.

(v.i) A GD(4,1,{2,5};23) with one block of size 5.
Let Y = (22 xZ3 xZB) U IS' We will comstruct the GD(4,1,{2,5}) on Y
by taking 15 as a group and covering Z, x Z, x Z, with a l-factor,

2 3 3
5 A-factors and 9 4-tuples, as follows:

1-factor: {(0,0,0),(1,0,0)} mod (-,3,3)

A-factors:

1. {¢0,0,0),(0,1,0),(0,2,0)} mod (2,-,3)

2. {¢0,0,2),(0,1,1),(0,2,0)} mod (-,3,-)
{(1,0,0),(1,0,1),(1,0,2)} mod (—,3,—)}

3-5. £{¢0,0,0),(1,0,1),(1,1,2)} mod (2,3,-)] mod (~,-,3)

4-tuples: {(0,0,0),(0,0,1),(1,1,1),(1,2,0)} mod (-,3,3).

(v.ii) A T(4,1;23) with subdesign T(4,1;5).
This construction is a special case of the construction described
by BOSE, PARKER & SHRIKHANDE. Take the affine plane AG(2,5) and
delete two points; this gives a pairwise balanced design (cf. HANANI [3])
B = PBD({3,4,5},1;23) with one block of size 3 on a set I

construct a T(4,1;23) as follows:

23° Now



for each block B ¢ B construct a T(4,1:4 « |B]) on B x 14 with
groups B x {i}, i € L, taking care that if |B| > 3 then the sets
{b} x I, b € B, are blocks of the T(4,1;4 - |B|). Taking all blocks
of the thus constructed transversal designs except for the three
blocks of the type {b} x 14 with b € BO’

we get a T(4,1;23). It contains subdesigns T(4,1;5) since B contains

the unique block of size 3,
blocks of size 5 disjoint from the block of size 3.

(v.iii) A GD(4,1,2;92).

Let T be a transversal design T(4,1;23) on X = 123 x I4 with a sub-
0~ T(4,1;5) on Y = I5 X 14. Let Bi be a GD(4,1,{2,5};23)
on 123 x {i} with one group of size 5, say I, x {1}, (i € Ih)'
Finally let D be a GD(4,1,2;20) on Y. Taking the blocks of T\Tb and
those of Bi (ie 14) and D, and the groups of size 2 of Bi (i e 14)

and D, we get a GD(4,1,2) on X.

design T

(vi) The cases s = 23 (v=140) and s = 31 (v=188).
Set for v = 140,188: v = 48m -4 where m = 3,4.
Take a resolvable design RB(4,1;12m+4), and form a partial comple-—
tion by adjoining 4m—6 points Ps (i=1,...,4m6), where the point
P; is adjoined to each of the blocks of the i-th parallel class.
(This is allowed since there are 4m*! parallel classes.) In this way
we get a B({4,5,4m6},1;16m~2) on a set In where n = 16m~2. Since
we did not use all parallel classes of the original design, we can
pick the blocks of one parallel class together with the block of
size 4m—~6 and call them groups. This givesus aGD({4,5},1,{4,4m—6};n).
Now let X = (IanI3) U 12 and form a GD(4,1,3;12) resp. GD(4,1,3;15)
on B x 13 for each block B of this design, taking care that each

time {b} x I, becomes a group for each b ¢ B; also form GD(4,1,2;14)

3
resp. GD(4,1,2;12m~16) on (G><13) U I2 for each group G of this
design, taking care that each time 12 becomes a group. If we take
all the blocks thus obtained, and all groups of size two (where of

course I2 is taken only once) we get a GD(4,1,2;48m—4).

This settles all cases.
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